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For practical applications, optimization algorithms may converge to the optimal so-
lution unreasonably slowly because of factors such as the poor scaling, ill-condition-
ing, errors in calculation, and so on. Most improvements during the optimization pro-
cedure are made within a small part of the total computation time. To relieve the
heavy computational burden, it is necessary to balance the calculation accuracy and
computation cost. The traditional termination criteria based on the Karush-Kuhn-
Tucker conditions cannot appropriately meet this requirement. Convergence depth con-
trol (CDC) strategy for Reduced Hessian Successive Quadratic Programming (RSQP)
was presented as an alternative measure in a previous study. This work incorporates
interior point methods with the modified CDC strategy, which was tested through
AMPL interface and Aspen Open Solvers interface. Related properties are proved.
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Introduction

Almost all optimization algorithms converge to a stationary
point by infinite iterations, even though some terminate in a fi-
nite number of steps with exact arithmetic." It is important to
design appropriate termination criteria to judge whether, in
practical application, an adequate approximate solution to the
optimum is obtained. The traditional termination criteria for
nonlinear optimization are based on the Karush-Kuhn-Tucker
(KKT) conditions. If any of the KKT conditions is not satis-
fied, the optimization procedure will be endless.

The convergence and CPU time for solving problems are
crucial in many applications such as real time optimization
(RTO),>™ nonlinear model predictive control (NMPC),>®
and so on. In practical applications, an adequate approximate
solution to the optimum is always sufficient. Higher preci-
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sion is unnecessary from the viewpoint of engineering.
Sometimes, optimization algorithms may converge to the
optimal solution unreasonably slowly due to poor scaling,
ill-conditioning and errors in calculation such as round-off
error or truncating error.

Some behaviors of optimization algorithm for solving
problems with traditional termination criteria are discussed
in this section. The interior point optimizer’ '® (IPOPT, ver-
sion 3.6.1) is investigated as it is a leading nonlinear pro-
gramming solver, especially for large-scale problems. The
selected examples are dallasl and sineali from the CUTE
test set. From Figure 1, Problem dallas! shows that the algo-
rithm is terminated at the expense of 235 iterations, but the
iterates after the 20th iteration are of little difference com-
pared with the final solution. Problem sineali shows that the
constraint violation is zero during the entire optimization
process and the objective function value changes slightly
from the initial iterations. However, the dual feasibility (the
norm of the first order derivative of Lagrange function) has
not achieved the predefined tolerance. The iterations con-
tinue until the maximum number of iterations (3000) is
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Behaviors of interior point methods with traditional termination criteria.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

exceeded. From both problems, an interesting phenomenon
is observed: most of the objective and constraint violation
improvements during the optimization procedure are made in
a small part of the whole CPU time. This observed phenom-
enon is in accordance with the Pareto Principle (80/20 Rule),
which states that roughly 80% of the effects come from 20%
of the causes.

For process system optimization problems, the objective
function is usually a profit function. There is no need to con-
tinue to iterate when the feasibility is satisfied and the objec-
tive function can only be slightly improved with further iter-
ation. Here, it is necessary to balance the calculation accu-
racy and computation cost and to quickly detect
unreasonably slow convergence or convergence failure in
order to avoid unnecessary computational effort. The tradi-
tional termination criteria based on KKT conditions are inad-
equate for this purpose. As such, smart termination criteria
are needed to halt the optimization algorithm when it
reaches a suitable result.

The termination criteria for unconstrained optimization,
linearly constrained optimization, and nonlinear constrained
optimization have been described by Gill et al.! Recently,
some studies have been conducted on the termination criteria
for nonlinear optimization. Nocedal et al. provided a detailed
description of the behavior of the gradient norm for the
steepest descent method applied to quadratic objective func-
tions and revealed that the gradient norm was not a reliable
measure of successful termination.'' Wang et al. put forward
the convergence depth control (CDC) strategy12 for reduced-
Hessian successive quadratic programming (RSQP). It was
designed to take advantage of the achievement estimation of
the optimization process to discover the proper time to ter-
minate the optimization algorithm.

In this article, the performance of CDC combined with in-
terior point methods is studied. The CDC is modified accord-
ing to the characteristics of interior point methods. We prove
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that the iteration sequence produced by interior point meth-
ods can be terminated by the modified CDC. We also prove
that convergence depth indicates the degree of current iterate
converging to the optimum. We test interior point methods
with the modified CDC using AMPL interface'® and Aspen
Open Solvers interface.'* This article is organized as fol-
lows. In the second section, we review interior point meth-
ods, including the solution for the barrier problem, and bar-
rier parameter update strategies. The third section describes
the CDC for interior point methods and gives the theoretical
analysis. The fourth section presents the comparisons of per-
formance between interior point methods with the modified
CDC and interior point methods with termination criteria
based on KKT conditions. The set of nonlinear programming
(NLP) test problems consists of problems from the CUTE
test set and problems formulated based on Aspen Plus,
including optimization problems for depropanizer and debu-
tanizer distillation column systems, data reconciliation for
large-scale air separation systems, and large scale ethylene
separation systems. The last section concludes this article.

Interior Point Methods

Interior point methods” """ transform bound con-

straints of NLP into a logarithmic barrier term and add it to
the objective function. The solution for the original NLP is
transformed into the solution of a sequence of barrier prob-
lems with a variable barrier parameter. As the barrier param-
eter tends to zero, the optimum of barrier problem converges
to a local solution of the original NLP.'"® The following dis-
cussions are based on the work of Wichter and Biegler.”'°

Solving barrier problem
To facilitate the discussion, the formulation of NLP is
considered as follows:
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min f(x)
st. ¢(x)=0 (D
x>0

the bound constraints of (1) are replaced by a logarithmic
barrier term that is added to objective function to give

min ,(x) =(x) = 13- In(x!)
st. ¢(x)=0 R

(@)

with a barrier parameter ¢ > 0. The KKT conditions for
(2) are

Vf(x)+Ve(x)A—v=0
c(x) =0 3)
XVe — ue =0

where e is the vector of ones of appropriate dimension, 1 € R"™
are Lagrange multipliers, v € R" are dual variables correspond-
ing to x, X:= diag(x), and V :=diag(v). Newton’s method is
applied to (3). Search direction (d,, df, d)) at iterate (x;, /;, v;)
is then obtained as a solution of the linearization of (3)

W, A —I| [d, g t+Aiki—vi
Al 0 o ||dl|=- ci )
Vl' 0 Xl' d: X[V,' — ue

We denote the identity matrix with I, and the Hessian of
the Lagrange function of (1) with W,. A; denotes the transpo-
sition of the Jacobian of equality constraints, and g; denotes
the gradient of objective function at iteration i. The solution
to (4) is obtained by first solving

H,- A,— d,‘ _ qul(x,‘)
i e () e

where H; := W; + ¢; with ¢; := X !V, and then computing df
d’ from d/ =} — J;, d] := uX;'e — v; — ¢;d;. To analyze
convergence behavior, a QR factorization of A; can be
computed to obtain matrices Z; € R and Y; € R"*™ so
that the columns of [Z; Y;] form an orthonormal basis of R",
and the column of Z; becomes a basis of the null space of Al-T.
The search direction can then be decomposed into

d=gq;+p ©6)
where ¢; :=Y,q; and p; :== Z;p; with

G = —[Alv)] e, @)

1 _
p; = _[ZiTHiZi] ZiT(gi — uX; 'e +Higq;) ®)

When the search direction is obtained, the new iterate is
denoted by

Xip1 =Xt aid;, Jip1 =i+ ad;, vig =vi+ad] 9)

where @; and a; are obtained by linear search methods
satisfying the fraction to the boundary rule
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xi+ad; > (1 —1)x;, vi+ad >(1—-1)y; (10)
where 7 € (0, 1) is some constant chosen close to one.

To ensure global convergence, a filter method framework
based on linear search was proposed and analyzed by
Wichter and Biegler.® Under the proper assumptions, all
limit points of the iteration sequence generated by the pro-
posed algorithm framework are feasible, and there exists a
limit point which is a first-order optimal point for the barrier
problem (2).

Updating the barrier parameter

The other major ingredient of interior point methods is the
procedure for choosing the barrier parameter. There are two
strategies for updating the barrier parameter.15 1920 The first
is the monotonic strategy, namely the Fiacco-McCormick
approach. This approach fixes the barrier parameter until an
approximate solution is obtained. The second approach, the
adaptive strategy, updates the barrier parameter at every iter-
ation.

Using interior point methods with Fiacco-McCormick
approach fixes the barrier parameter and solves the barrier
problem using line search strategy, trust region strategy, or
filter strategy. This ensures that the iteration sequence glob-
ally converges to the optimal solution of barrier problem
under certain conditions. The optimal iterate (x, A, v) is
measured by the following function:

max +Aiiv ’ XVe — pe
Fu(x,4,v) := max{ g lloos I u ||OO}7

el (1

Sc

Al + v
+|| Il + Ivlly

=1
B (m+n)

’ se=1+

=l (12)
n

when (&, 4;,¥) satisfies F, (¥, 1:,%) < &, (%,4,%) is
regarded as the approximate solution to the barrier problem
(2) with barrier parameter y;. ¢, is denoted as

Ey; = min{gmax’ Te min{l’lj7 .“/6}}} (13)

where &n,x and 7, are positive constants and 0, € (1,2/0,), 0, €
(1,2). After solving the barrier problem with barrier parameter
W;, the barrier parameter is renewed as

. 0,
Hiv1 = mm{fuﬂj» B } (14)

where 0, € (1,2), 7, € (0,1). This optimization procedure
continues to iterate until (x*, A*, v¥) satisfies Fo(x*, 1* v*) <
&ol, Where &, 1s defined by the user.

Interior point methods with adaptive strategy'® update the
barrier parameter at every iteration. The barrier parameter is
generally proportional to the complementarity value,

Ty,
X; v;

My = 0= = (15)

where n denotes the number of variables and o; is a centering
parameter that varies at every iteration.
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g; can be calculated through the quality function (17). At
the initial stage, the barrier parameter u in (4) is substituted
by Eq. 15. Let x(0), A(g), and v(o) be defined as

x(0) = xi +a™(o)di(0), (o) = ki +a(0)d] (o)
v(e) =vi +a;"" (0)d] (o)
(16)
where d(c) is the solution to (4). a*(g) and a}”max(o) are the

maximum step lengths satisfying the fraction to the boundary
rule (10). The quality function gy(o) is denoted as

an(0) = llg(x(a)) +A(x(0))A(0) — ¥(o)|*
+ X (0)V(0)e — pel*+le(x(a)) > (17)

and o; is the value that minimizes gn(o). Other methods for
renewing ¢; include the LOQO rule'” and Mehrotra’s probing
method.*”

To ensure global convergence of the iterates of interior
point methods with adaptive strategy, Nocedal et al.” pro-
posed a new algorithm framework. ¢(x,4, v) measures the
optimality of (1) as follows:

$(x, 2,v) = ||g(x) + A(x)2 — vl +[| X Vel +le(x)|*  (18)

when iterate (x;,1,4; 1, viy1) satisfies

O(Xie1, Aig1,vig1) < kM (19)

and x € (0,1), M; = max{¢;_;, ¢;_;;1,...¢;}, and [ = min {i,
[™™}, the barrier parameter is renewed using Eq. 15. If (19)
does not hold, the barrier parameter will be updated with the
Fiacco-McCormick strategy to obtain a new iterate satisfying
(19). The updating mode then returns to an adaptive strategy.

CDC Strategy and Related Property

The causes for the slow convergence of optimization algo-
rithm, especially the phenomenon in accordance with Pare-
to’s Principle, are diverse and case dependent. Basically,
these causes could be classified as follows:

® Poor scaling of the optimization problem. The objective
function is highly sensitive to changes for some components
of x, but insensitive to others. Moreover, the optimum lies in
a narrow valley; thus, the contours of the objective near the
optimum tend towards highly eccentric ellipses.”' It is diffi-
cult for the solver to find the optimum.

® [ll-conditioning. The KKT matrix may become ill-condi-
tioned in the course of optimization because of rank defi-
ciency. In this sense, the Lagrange multipliers will be highly
sensitive, and the resulting solution will likely improve
slowly or be inaccurate.' '

e Errors in calculation. Because of limited computer pre-
cision and the limitations of existing techniques, the Hessian
matrix cannot always be evaluated exactly, particularly when
the Hessian matrix is approximated by the finite differences
of the gradient and there are small discontinuities in the
computed gradient." Therefore, the rate of convergence of
iteration sequence generated by the optimization algorithm
may not be superlinear or quadratic, as expected in theory.

These reasons cannot be completely avoided. Thus, unrea-
sonably slow convergence, especially the phenomenon in ac-
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cordance with Pareto’s principle, may occur. Early termina-
tion then becomes appropriate and necessary.

CDC strategy

From the Introduction, we know that traditional termina-
tion criteria are sometimes too strict to be utilized for many
practical applications. Such criteria detect the slow conver-
gence or the convergence failure until the specified maxi-
mum iterations are exceeded or the specified maximum CPU
time has run out. The convergence depth and degree of pro-
gress are introduced to quantitatively evaluate the status of
current iterate, and the sigmoid function is used to soften the
traditional termination criteria. We are then adequately able
to control the termination of algorithm.

In light of Fiacco and McCormick,'® as the barrier param-
eter tends to zero, the optimum of (2) converges to a local
solution of (1). It is reasonable to consider the barrier param-
eter when the CDC strategy for interior point methods is
established.

Feasibility and predictive improvement on the objective'?
at x" are defined by

) = max{|e(x")|; —x},i € I} (20)

t
feasErr

Shpir = &7 (x")d(x")]| Q1)

The progress of optimization procedure'? is described by

5éeasChg = ’(S;easErr - 5ga;Err (22)
5£)bjChg = Lf(xr) —f(xH)| (23)

Feasibility, predictive improvement, and the progress of
optimization procedure defined above reflect the characteris-
tics of iteration sequence of (2) with a fixed barrier parame-
ter. In order to describe the whole iteration sequence pro-
duced by interior point methods, the barrier parameter is
taken into consideration.

Convergence depth and degree of progress are defined
according to (24)—(26).

ez:onvg = S(max{(szeasErN 5£)bjErr’ M[}’ 80) (24)

ei)rog = S(max{étfeasCth 5i)bjChg’ ,u’}, 80) (25)

where ¢ is a given tolerance and S is a sigmoid function that is
defined as

. tanh(¢ x (logd'/logep))
$(9',20) = tanh(¢)

(26)

In this interval, S(&', &) has continuous values in the inter-
val [e, 1/80], and ¢ influences the variation trend of S(&', &o).
The specific interpretation of ¢ has been given by Wang
et al.'? The value for ¢ is set to 1.5 in this article. With this
value, rigid criteria are ‘“‘softened” into flexible criteria as

DOI 10.1002/aic 3149



Step function

Sigmoid function

converged

not converged

€o

Tolerance
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

shown in Figure 2. This could be compared to the traditional
termination criteria, with which the conclusion is “con-
verged” or “not converged” only. From Figure 2, it is evi-
dent that (&', &y) decreases monotonically with the increase
of &

In the implementation of CDC in Wang,'? if the conver-
gence depth of current iterate has reached a predefined ac-
ceptable value, then optimization is considered terminated.
Otherwise, it proceeds unless the degree of improvement
indicates that there is no more possibility of improvement.
In Wang et al.,'? an exception (mancino) occurs when the
run with CDC obtains an underconverged result; however,
the algorithm with traditional termination criteria is success-
fully terminated. The termination criteria should be well
designed to avoid prematurely terminating the optimization
procedure. In this article, the implementation of CDC is
modified by strengthening the condition for declaring no
improvement of the optimization procedure. The modified
implementation of CDC is shown in Figure 3. The optimiza-
tion procedure is considered to have “no improvement” pos-
sibility only if the degree of progress has reached a threshold
value more than 5 (a predefined constant) times. The pro-
posed modification for CDC is based on the principle that
the convergence depth should reach as far as possible before
the condition “no improvement” is activated.

Properties of CDC

Under proper assumptions, the optimization procedure can
be finally terminated by the modified CDC for interior point
methods. The convergence depth indicates the distance
between the current iterate and the optimum. Proofs in this
section are based mainly on the results by Wichter and Bie-
gler8 and Nocedal et al.'’

Assumptions A. As the barrier parameter u; converges to
zero, interior point methods with Fiacco-McCormick barrier
strategy or adaptive barrier strategy can produce the iteration
SEQUENCE X1 1,X2 1, s Xmy 1,X12,X22, ey Xy 2,X13..., Where
Xn,; is the approximate solution of barrier problem (2) with
barrier parameter y, i.e., F, (Xm; s Ay Vi) < &y,- The sub-
scripts i and j for x;; represent the i™ iteration for solving
the barrier problem (2) with the barrier parameter y;. Theo-
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rem 1 and Theorem 2 in Wichter and Biegler8 ensure that
the iteration sequence of the barrier problem with barrier pa-
rameter y; converges to the optimal solution. Therefore, for
every j, there exists m; to satisfy F, (Xu, j, s Vi, j) < & It

is assumed that the iteration sequence Xxii,X21,...,
Xy 15X12,%22, ..., X, 2, X1 3... satisfies the following nine
assumptions:

(A1) There exists an open set CCR" with

[xiJ,xiJ+a2’iaxdiJ] C C for all i € Rijne (Rine is the set of
those iteration counters, in which (5) is highly inconsistent)
and j, so that the objective function f and constraints ¢ are
differentiable on C. Their function values, as well as their
derivatives, are bounded and Lipschitz-continuous over C.

(A2) The matrices W;; approximating the Hessian of the
Lagrangian of original problem (1) is uniformly bounded for
all i € Ry, and J, i.e., there exists a constant My, > 0 with
[W: ;|| < Mw at every iteration.

(A3) The minimal eigenvalue of ZITJHi Zi; is larger than
some positive constant, i.e., there exists a constant My > 0
) Amin(ZZ/H,- Zij) > My for all i & Ry,. and j, where col-
umns of Z;; € R"*“~"™ form an orthonormal basis matrix of
null space of A7,

i A
i Optimization Procedure

¥

]

[ Calculate L., Shmr Opacsy Socns |
L 4
lCalculate A -
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Figure 3. Implementation framework of the modified CDC.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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(A4) The minimal singular value of A;; is larger than
some positive constant., i.e., there exists a M, > 0; therefore,
Gmin(AiJ) 2 MA for all i ¢ Rinc and ]

(A5) There exists a constant 0;,. > 0, so that i & Rj,
whenever 0(x; ) < Oine, where 0(x; ) = ||c(x;)||.

(A6) The iterates {x;;} are bounded for all i and j, i.e., there
exists a constant M, > 0, and all the iterates satisfy ||x; ;|| < M..

(A7) For every ;, at all feasible limit points xzj for (2), the
gradients of the active constraints are linearly independent.

(A8) For every y;, there exist constants dg,0, > 0, so that
whenever the restoration phase is called in an iteration i € R
with |[e(x;;)|| < Jg, it returns a new iterate with xliu > xflj)
for all components satisfying x;; ) <4,

(A9) The Mangasarian- Fr0m0v1tz constraint qualification
(MFCQ) holds at optimal point x* of (1).

Assumptions A correspond to the entire iteration sequence
produced by interior point methods. Under Assumptions A,
the lemmas and theorems of global convergence analysis by
Wichter® still hold. In addition, the conditions of Theorem
3.12 in Forsgren'” are also satisfied.

Lemma 1. {BH,} converges to zero as j — oo (i.e.,
hm a# =0).

Proof From (14), we have Hip1 = mm{r“,uj,,uj } < Tuktjs
where 7, € (0,1) is bounded. It implies that
0<p < (‘cu)'/ﬂ,uo. By applying the Squeeze Rule,” we
obtain lim; . g; = 0. From (13), we
0<¢, <t min{u_,«,yf"} < 7.4y, where 7, is a positive con-
stant. Applying the Squeeze Rule once again, we conclude
the following: lim ¢, = 0. u

Jj—o0
A hold, then

have

Lemma 2. Suppose
- for all i € Ry,

—1
) i
2

Proof. As the columns of [Z;; Y;;] form an orthonormal
basis of R", and the columns of Z; j become a basis matrix of
the null space of Al-TJ-, it follows that

2l
4|1
Z(AAL — M) Zij  Z1(AGAT — A1,)Y
YL (AGAL = MW)Zij Y] [(AA] — 20,)Yij

Assumptions

M) Zij Yij]

T
(AijA;; —

|

y) - 0
B 0 Y] (AAT; — 0,)Yi;

__ an—m

YLAALYy — )

Thus, A;; A, has the same non-zero eigenvalues as
A JA Y, i From (A4), the minimum non-zero eigenvalue
of A A ; is larger than M2 As A ;Yi; is invertible, all the
elgenvalues of YTA A Y are posmve and larger than M2

Therefore, ([Y A; ATY J7') <3k indicating  that
A

z/
Jlr) ] < .
Lemma 3. Suppose Assumptions A hold for both interior
point methods with the Fiacco-McCormick barrier strategy and
with the adaptive barrier strategy. The norm of d;; at iterate x;; is

*The  Squeeze  Rule  states that if  g(x) <f(x) <h(x) and

lim,_, g(x) = lim,_. h(x) = L, then lim,_. f(x) = L.
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bounded by the constraint violation, the dual infeasibility, the
complementarity conditions, and X; ;. In other words,

Idijl],= w1 [leisl] o +real s + Auiig = visl

+ mHX, ‘ !X,JV,,e ,ujeHoo

i e
where K, K,, K3, and k4 are positive constants.

Proof. Suppose x;; is an iterate of the barrier problem
with y;. From Lemma 2 and (A3), it follows that

—1
] A%y

(A2) and (A6) ensure that X;; and W, ; are bounded,

<! [ZTH Vi r < N
_MA7 ijijLij Z_MH

2

sl < s [[Wi],< Mw 28)

From the equivalence of any vector norm, we have

lecilly < Meonlleis]

\|gij + Aijlij — vijll, < Miag||gij + Aijhij — vijl| . (29)
1XijVije — ell, < Moy || XiVise = well

where Mcon, Mg, and Mcomp are constants. From (6), (7), (8),
(27), (28), and (29), it follows that

Id:ll,= lla; + il
= ||YII[ATY '}_lcii + Z,‘j[Z?:jH,‘JZ,'_j]_IZ?:j(giJ
.u/X e +Hl,/q1/)||2

S_

1
Hcid'Hz M‘ (gu X, e+HlJ‘IzJ)H

AZ‘,OI

||clJ||2 HZ g1J+Al‘Jﬂ'” ij€

+V;e— ,uJX e +H,Jqu H

1
Smcuuﬁ—ngu Al

o L R LR

M, Mw )M, M,

= WH%H T ey + Anida = vl
M, M,

F i e ﬂ,eum st e el
(30)
Defining x; = %, Ky = ]\Z/;:{g, K3 = M};—“:", and
K4 = MCA}" , we obtain the des1red result. [ |

Lemma 4. Suppose Assumptions A hold for interior point
methods with the Fiacco-McCormick barrier strategy. There
exists J; > 0, whenever j > J;, the norm of d,, L at iterate
Xy j is bounded by ,uj , where @ is a Constant ie.,
Hd,,, Jll2 < pu, where p is a positive constant.

Proof. For every j, there exists m;
Fy (X js Zmy s Vs J) < &y thus

satisfying
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Hg,,,“] +A"1jJ)“ij_vm/J Hc(xm,,j)Hoc
— “lp»

Sd Sc
o PVl _

= 8;!, ) sS4 — 8!1_, (3 1)

...

The complementarity condition XVe—pe = 0 is bilinear;
therefore, the dual variable v is bounded, as well as primal
variable x. Lemma 1 by Wichter® ensures that / is uniformly
bounded. From (12), we have sq4 < My and s, < M., where
My and My are positive constants. From (13), we have
limy, o &, = 0; thus, lim, .o Fu/,(xmjd-,n',,l“,-, Vpj) = 0. Since
ey < rgy?" and 0, € (1,2), similar to Lemma 3.13 by For-
sgren,'” we obtain [ j — x || = O(w;). x* is the limit
point of iteration sequence {x,,,], ;) and Fo(x*,2%, v¥) = 0 is
satisfied. Let A(x*) denote the active set, and let k € A(x*)
represent that the & component of x* is zero. If A(x*) is
null, there exists J"' > 0; whenever j > J¥, |IX, 1] is uni-
formly bounded and p; < 1. According to Lemma 3, we
obtain

[, < 1 ||cm,J||oo+’<2Hgmm + Aoy~ vm,JHOO

+ K3HX7]

mj.j

X Vo — el
el lewl.

< KlMsch,uj’)u + KZMsdTé:,uj')“ + K3Msd X

—1 0,
mj.j r*‘Mj‘

+ KaM || X

— 0, @
m|[Te < paj
Define P = KiMg T, + KoMt + KSMsd”Xn_q/lJ”Tg + KaM
HX,;jz.Hrg and @ = 0, — 1. If A(x*) is not null, we have
|11 = O(lm. According to Lemma 3, we get
: J

’ o0

1135 1 llem |42 s+ Ao = ¥

—1
+ K3HijJH . HX,,,/‘,«V,,,I.Je — ,um/_:/-e

-2
+ K4H,Uij”/‘eH ’ Hcm/JHoo
< KIMSCTEH?“ =+ KZMsdTE#jeu =+ K3Msdrc0(,u‘,€')“71)

+ K4MSCTSO(,“;)H71 )

There exists J® > 0, whenever Jj > J?, O(uj(?"_l) <
nguf"*l, My, is a positive constant and y; < 1. Define p=
max{p;, k1M + KaMsaT; + K3MsaMy, T+ KaM-My, 7.} and
@ =0, — 1. Let J; = max{J",J®} then the lemma is proved. W

Lemma 5. Suppose Assumptions A hold for interior point
methods with the Fiacco-McCormick barrier strategy. For an
arbitrarily given ¢ > 0, there exists an integer J,,
If (Xm;11,) —f (%m, )| < & holds for all j > J,.

Proof. From (A1), objective function f(x) is continuous in
(X, j» Xm;j + %maxdm,j]. For an arbitrarily given ¢ > 0, there
exists dg,, if ||od,, j|l, < d4,; therefore,

lf(xmﬁ»lj) _f(xm,',i)} = |f(xm,xj + OCdm,,/') _f(xn1jj)| < (0/2
(32)

It follows from Lemma 4 that if j > J,

||l jll, < puf < da,, we have
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From Lemma 1, lim; .. u; =0, there is an integer J
such that if j > J®, then (33) is satisfied. Let J, = max{J,,
JP},(32) is thus satisfied. [ ]

Lemma 6. Suppose Assumptions A hold for interior point
methods with the Fiacco-McCormick barrier strategy. For an
arbitrarily given ¢ > 0, there exists an integer J3,
If (x1j+1) —f(%m;)| < & holds for all J > Js.

Proof. With barrier parameter y; and starting point x,, j,
X1, is the next iterate. x; jy; is the next iterate with barrier
parameter 4, and the same starting point as x,, 1. This is
similar to the proof for Lemma 5 that for an arbitrarily given ¢
> 0, there exists 0y, if ||X, 11, — X1,11]| < d4,, then

[f (1)) = fx1gan)| < (34)
From (6), (7), and (8), it follows that

me/w = X1+l || = H“mmdw — oy jridy i ||

< [ @ty = o) | + oot (i — di g )|
J>N
< (o — 21j41) | 1]

~1
T T -1
+ |a1~j+l| : ‘ Zm/:/ [Zm,,[Hm/JZm/Ji| ij,[XrV{/Je(ﬂj+1 - ’u/)
(35)
It active set A(x*) is empty, then
-1
‘Z,,,j J[Z,Tn/ J-Hmj Lm J] Z,Tn/_ _J-X,;ld-e is, of course, bounded.
If active set A(x*) is not null,
~1
jll{rol) Zy, [Z,Tn/_ JH,,l/ L, J-} Zﬁ/_:jX,;/lJe is also bounded

because of the definition of H,, ; and [[x,,; —x*|[ = O(y,).
In either case, there exists JP > 0, whenever j > JP,

-1 -1 . "
Z,i|Zny " HyyjZj| 2L X " e|| <My, My is a positive
; : . J

mjyJ m;

constant and y; < 1. Let JO = max{]<4),J] }, when j > JO.
From (35), we get

%15 = X141 ]| < (p+ 2Mo)u? < 8, (36)

From Lemma 1, lim;_ ; = 0; thus, there exists J© > 0,
whenever j > J©O, Equations (36) and (34) are then satisfied.
We define J3 = max{f(s),J@}. From Lemma 5 and (34),
whenever j > J;, it follows that

I (x1je1) = f (%)
<N Rmy1g) = F 1) | 4 I Gomp1g) — F ()| <&

and we get the desired result. |

Lemma 7. Suppose Assumptions A hold for interior point
methods with the Fiacco-McCormick barrier strategy. Then,
“or an arbitrarily given ¢ > 0, there exists an integer Jy,

(37

Hc(xl‘j+l)Hoo_”c(mei)Hoo |< ¢ holds for all j > J,.

December 2010 Vol. 56, No. 12 AIChE Journal



As the proof of this lemma is similar to the proof for
Lemma 6, we omit it for the sake of brevity. |

In the following, we prove that if the optimization proce-
dure has no improvement after a number of iterations, it can
be terminated by the modified CDC for any predefined num-
ber 1 given in the Section on CDC strategy.

Theorem 1. Suppose Assumptions A hold for interior
point methods with the Fiacco-McCormick barrier strategy.
For an arbitrarily given positive integer N and arbitrarily
given ¢ > 0, there exists an integer 7. Whenever t > T,
the number of t that satisfies

Hi)rog = S(max{égeasChgﬂ a‘tobjChg}ﬂ 80) > S(B, 80)7 (38)

is equal to or greater than N.

Proof. As the starting point for interior point methods is
strictly larger than zero and the iterate in the process of line
search satisfies fraction to the boundary rule:

af™ = max{a € (0,1] : x;; +adi; > (1 —1)x;;}  (39)

If x;; > 0, from (39), we have

Xiprj = Xij+adij > (1= 1)xi; >0 0r X1 j41 = Xn

+ adm,.J > (1 — r)x,,,“, >0 (40)

As lim y; = 0, there exists J?P, whenever j > J7,
J—00

W<e 1)

Let #(j) = 1+ Y7, m and define J® = max{J7) J3,J4}.
From Lemma 6, whenever j > 1(8), we have
(3;%}Chg = [f(x111) —f(Xm, )| <& From Lemma 7 and (40),
whenever j > J(g), we have 5;62@% < ¢. Whenever j > .1(8),
(41) is also satisfied. Finally, we define T; = t(J® + N).
Whenever ¢ > T,, the value of ¢ that satisfies
Oé(r](zg = S(max{éggsChy 5;({);Chg}’ 8) ZtS(sa 80) is equal to or
greater than N. If & < gy, we have Opo, > 1 [ |

Remark 1. In the solution process of the barrier problem
(2), when the norm of the search direction becomes very
small, (38) can also be satisfied before the tolerance (13) for
this barrier problem is accessed. Theorem 1 ensures that the
optimization procedure can be finally terminated by the
modified CDC.

Assumptions B. Interior point methods with adaptive bar-
rier strategy proposed by Nocedal et al.'® satisfies the fol-
lowing conditions:

(B1) Centering parameter o¢; is uniformly bounded, i.e.,
there exists a positive constant M, > 0, with 0 < 0; < M,
for all iterations.

(B2) There exists a sufficiently small ¢, whenever
(X 1,411, Vir1) < @o, the updating strategy of the barrier pa-
rameter will never involve the Fiacco-McCormick strategy.

Theorem 2. Suppose Assumptions A and Assumptions B
hold for interior point methods with the adaptive barrier
strategy.'® For an arbitrarily given positive integer N and the
arbitrarily given ¢ > 0, there exists an integer 7,. Whenever
t > T,, and the value of ¢ that satisfies

AIChE Journal December 2010 Vol. 56, No. 12
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Oi)rog = S(Inax{ééeasChg7 5i)bjChg}7 80) > S(&’ 80) (42)

is equal to or greater than N.

Proof. From the section on Updating the Barrier Parame-
ter, the iteration sequence produced by interior point meth-
ods with adaptive barrier strategy satisfies

11m d)(x,,,],_.,-, ).m“,', V’Vl/J) =0 (43)

J—00

Thus, from (18), we have

_lim ‘ gmiaj +Amj,j}~mj1j — ijJ'H = O
I © (44)

Jimn X, V]| o = O Jim [len, ] .= O

Under the Fiacco-McCormick barrier strategy, the iterate
(x,,,ﬂ J'”Im,w i Vm, ;) denotes the approximate solution of the
barrier problem with the barrier parameter p;. Under the
adaptive barrier parameter updating strategy, (X, jstm, j» Vi,
;) denotes that the iterate after one iteration and the subscript
mj is a constant equal to one.

For ¢ in (B2), from (43), there exists integer JO > 0,
whenever j > J©, such that ¢; < ¢o. From (B2), if j > J,
we have that m; is a constant equal to one. From (15), (44),
and (B1), it follows that

lim p; =0
" 45)
lim x;; = xx

J—oo

From (A1), the objective function f{x )is continuous in the
open set C containing interval [x;;, x;;;i]. Therefore, we
have lim f(x,;) =f(x*). For an arbitrarily given ¢ > 0,

—00

there exists J"'? > 0, whenever j > J1. It follows that

[ (eren) = FOeng)| = [f(ergan) = fee) +f () — f(x1)]
< FQergn) —f Q)|+ [f(ex) —fx1))] <
(46)
We define #(j) =1+ Zj):l my, whenever j > J9O,
5;&’25Chg = [f(x1j+1) —f(x1,)] < ¢ is satisfied. From (44), there
exists J'V > 0, and 6;2’25Chg = ‘||C1J+1||OO—H61,,'HOO‘ < ¢ holds

for all j > JID Let J12 = max(.l(9),l<m),l(”)). We define T, =
t(]“z)+N). Whenever ¢ > T,, the number of 7 that satisfies

Hé(r’gg :S(max{éiggs@g,5;%}Chg},80) > S(e,60) is equal to or

greater than N. If ¢ < ¢y, we have QL(Qg > 1. [ |
In Wichter,® the criticality measure y(x;;) := ||p; jll, and
constraint violation 6(x;;) := ||c(x;;)||,, are used to measure

the optimality of the iterates of barrier problem with barrier

parameter ;. In this study, we prove that convergence depth

Ochnye can be used to measure the optimality of iterates. The

monotonicity of sigmoid function (26) decreases on 67 and it
is continuous; therefore, there exists the inverse function S~ ',

. i

o =S (O’C{mvg,eo) 47)

Theorem 3. Suppose Assumptions A hold for both inte-

rior point methods with the Fiacco-McCormick barrier
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strategy and with adaptive barrier strategy. Then, every iter-
ate of iteration sequence Xi1,X21,...,Xm 1,X12,X22, ...,
Xm,2, X¥13... produced by interior point methods satisfies the
following conditions,

2x) < 05" “9)
where 3 is a positive constant.
Proof. Equation (47) implies that
Oopipn < 0, Oplogpe < 074y < 0% (50)

From (20), (40), and (47), we immediately get (48).
Assumptions A indicate that y;; = ||p; ||, is bounded by M,

b is a posmve constant). Similar to Lemma 6, we have
Z:I[ZL Ht:/Zzzl] ZTX i ery W

<M, and Z[ZHZ]I
Z,H,-‘,«W <M,. d;; 1s bounded by My (M4 is a posmve con-
stant). From (6) and (8), we get

—1
1D H = Hd,?:,‘zi.j [ZZJHMZ,“;} Z,TJ (8~ #jX,f,-l e+Hiq;;)

17 MaM,
= 1\7 gmdw" +MaMpy + == leGei)]
MM,
50bJErr + MdMlluj + MA feasErr

1 MM,
< |\—+MM 0ij
= <MH + MaMy + MA ) ij

(51
~ 2 MP
,/pz,/H H(qu +p11) ,/szH > X (xiif) _]W_AC(xj’i)
(52)

Considering (51) and (52), we get

M 1 MM
2 divi2
1 (xiy) < AT:C(W) + <IW_H+MdM1 i )51',/'

(53)

MsM, +M
< +MdM1+M)5iJ
My

M

where ¥ = +MdM +w The theorem is therefore

proved. |

For both barrier parameter updating strategies (Fiacco-
McCormick barrier strategy and adaptive barrier strategy),
under the proper assumptions, we prove that the optimization
procedure can be finally terminated (Theorem 1 and Theo-

Table 1. Basic Information of Examples from CUTE

Problem #Var #Bdd #Eq #Ineq #nzJac #nzHes
avion2 49 49 15 0 43 123
bt8 5 0 2 0 6 5
dallasl 837 837 598 0 1674 821
dallasm 164 164 119 0 328 158
dallass 44 44 29 0 88 39
flosp2hh 650 0 0 0 0 9582
orthrds2 203 0 100 0 500 906
sineali 20 20 0 0 0 39

rem 2). Theorem 3 illustrates the relationships among d; ;,
constraint violation 0(x;;), and criticality measure y(x;;). It
shows that if {x;;} (or its subsequence) with é(x;;) — 0 con-
verges to a feasible limit point x*, then yx(x; ;) — x(x*) = 0
is also satisfied. Therefore, x* corresponds to a KKT solu-
tion.® The convergence depth B’C{)nvg is the sigmoid transfor-
mation of 8%, which intuitively measures the optimality of

the current iterate.

Numerical Results

In this section, the interior point method algorithm used is
the IPOPT software (version 3.6.1)23. The linear solver uti-
lized is MAS7. IPOPT implements interior point methods
both with the Fiacco-McCormick barrier strategy and with the
adaptive barrier strategy. We present two numerical experi-
ments to compare the performance of interior point methods
with the traditional termination criteria and the modified CDC.
The examples of the first numerical experiment are from the
CUTE collection. The barrier parameter updating strategy of
IPOPT used for the first experiment is the Fiacco-McCormick
barrier strategy. The examples of the second experiment are
formulated based on Aspen Plus, including the optimization
problem of depropanizer and debutanizer distillation column
system, the data reconciliation problem of large-scale air sepa-
ration system, and the optimization problem of large-scale eth-
ylene separation system. In the second experiment, the adapt-
ive barrier strategy is used for IPOPT.

For IPOPT with traditional termination criteria, the desired
convergence tolerance is 1.0 x 1075, the desired threshold for
dual infeasibility is 1.0 X 1074, the desired threshold for con-
straint violation is 1.0 x 1074, and the desired threshold for
complementarity conditions is 1.0 X 107*. We set the maxi-
mum number of iterations as 3000. For IPOPT with the modi-
fied CDC, the specified threshold ¢ is set to 1.0 x 107, The
acceptable convergence depth 0 is set to 0.95 in the first nu-
merical experiment. In the second experiment, we set 6, =

Table 2. Comparison of IPOPT with Traditional Criteria and Modified CDC on CUTE

Obj Iter CPU(s) Feas Terminated
Problem  Oconve  Oprog CDC Trad CDC Trad CDC Trad CDC Trad CDC  Trad
avion2 0954 0453 9468 x 10" 9468 x 107 60 95 0125 0219 28x 1077 28x1077 |/ J
bt8 0985 0974  1.000 1.000 10 27 0016 0078 95x 1077  0.00 J NI
dallasl 0952 0810 —2.026 x 10> —2.026 x 10° 79 235 0735 2156 28x 107" 17x107* |/ J
dallasm 0952  0.809 —4.820 x 10° —4.820 x 10° 23 280  0.063 0875 7.1x10°"° 36x10"” |/ J
dallass  0.964 0581 —3.239 x 10* —3.239 x 10° 21 418  0.031 0797 36x 1077 14x107" J
flosp2hh  1.040  0.760  38.87 38.87 4 3000 0281 13694 0.0 0.0 J X
orthrds2 ~ 0.956  0.956  1.544 x 10° 1.544 x 10° 35 43 0219 0328 25x107" 22x107' N
sineali 0986 0986 —1.901 x 10° —1.901 x 10° 29 3000 0.047 611  0.00 0.00 N, X
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Figure 4. Comparison of IPOPT with modified CDC and traditional criteria for problems from CUTE.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

1.0 to obtain deeper convergence. In order to minimize the Table 3. Comparison of Feasibility of Solutions for
risk of incorrectly declaring “no improvement,” the prede- Depropanizer and Debutanizer Distillation Column System
fined number # for declaring “no improvement” is set to 10. IPOPT with

Al'l .the numerical e)'iperime.:nts were performec.i on a Dell Standard Traditional
Precision T3400 running Windows XP and with Intel(R) Algorithm IPOPT Termination
Core (TM)2 Duo CPU, 2.66GHz and 2.0G RAM memory. Model (DMO) with CDC Criteria

. . Original model ~ —2.09 x 107> —2.1912 x 10°® —1.1176 x 10~*
Numerical experiments on the CUTE First scaled model - ~2.1912 x 107% ~1.1176 x 107
. —7
The examples were selected representatively from CUTE Second scaled  5.30 x 10 - -

collection. Table 1 gives the detailed description of these model
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E-DA-404

E-DA-403

Figure 5. Flowsheet of depropanizer and debutanizer
distillation column system.

examples. The columns of Table 1 represent the number of
variables (#var), bounds on variables (#bdd), equality con-
straints (#eq), inequality constraints (#ineq), non-zero ele-
ments of Jacobian matrix of constraints (#nzJac), and non-
zero elements of Hessian matrix of Lagrange function
(#nzHes). Table 2 shows the numerical results of these
examples using interior point methods with the traditional
termination criteria and with modified CDC. The columns of
Table 2 represent the number of iterations (iter), computation
time cost (CPU), the value of objective function (obj), the
constraint violation (feas), and termination status of the algo-
rithm (““y/” means terminated successfully while “X” means
unreasonably slow convergence or convergence failure).
CDC represents the CDC strategy, and Trad represents the
traditional termination criteria.

Whenever the convergence depth is greater than 0.95, the
CDC strategy successfully terminates the algorithm. If 0.,
> 1 is satisfied for more than 10 times, an underconverged
result is achieved. From the 0Oconve column, the runs with
CDC for all the problems terminate successfully, while from
the iter and the terminated columns, the runs with traditional
termination criteria for flosp2hh and sineali fail as the num-
ber of iterations exceeds the maximum number of iterations

19.58

(3000). With nearly the same objective value and constraint
violation, the runs with CDC reduce the number of iterations
substantially when compared with the runs with traditional
termination criteria. Furthermore, the CDC strategy
adequately balances the computation cost and acceptable so-
lution. We can see the advantage of CDC intuitively from
Figure 4, where the termination points of the runs with
CDC and traditional termination criteria are marked by
“S” and “@,” respectively.

Numerical experiments on Aspen Plus

The rigorous model obtained from Aspen Plus through the
Aspen Open Solvers interface is properly and automatically
scaled based on the physical meaning by Aspen Plus. We call
it the first-scaled model, on which IPOPT termination is based.
It may also be scaled by the optimization algorithm again (sec-
ond-scaled model). To verify whether the solutions returned
by IPOPT are feasible, we compare them with the optimiza-
tion solution produced by standard algorithm (DMO, of which
the termination is based on the second-scaled model) in Aspen
Plus. The feasibility comparisons based on the original rigor-
ous model (using command “print largest equations” in Aspen
Plus to print the constraint violations) are shown for each
example below (Tables 3, 5, and 7).

The optimization problems formulated with Aspen Plus
are practical engineering problems that generally have two
kinds of objective function: dimensional (e.g., the economic
objective function) and dimensionless (e.g., the data recon-
ciliation objective function). For the dimensional case, the
calculations of predictive improvement (21) and objective
change (23) are influenced by the unit of measure. In order
to eliminate the impact of units, the predictive improvement
and the objective change should be scaled by the objective
function. Equations (21) and (23) are replaced with (54) and
(55) for dimensional objective function.

depropanizer and debutanizer distillation columns
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Figure 6. Comparison of IPOPT with traditional criteria and modified CDC for depropanizer and debutanizer distil-

lation column system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Table 4. Comparison of IPOPT with Traditional
Termination Criteria and Modified CDC for Depropanizer
and Debutanizer Distillation Column System

Oconve Oprog Traditional
Convergence Termination
1.0350 0.9940 Depth Control Criteria

Objective (RMB/h)  1.9481946227 x 10° 1.9481946260 x 10°

ITteration 14 108
CPU(s) 8.06 92.90
Feasibility —2.1912 x 1078 ~1.1176 x 1078
Terminated J N
i = lg" (x)d(x)] /If (x0)] (54)
Sonicng = IF (X)) = F ()| /I (x0)] (55)

where x is the starting point that can be obtained through the
sequential modular method in Aspen Plus. For the dimension-
less case, the calculations of predictive improvement and
objective change are still based on (21) and (23)

In the following tests, the objective functions for depropanizer
and debutanizer distillation columns system and ethylene separa-
tion system are dimensional, so the calculations of predictive
improvement and objective function are based on (54) and (55).
The objective function for reconciliation problem of air separa-
tion system is dimensionless, so (21) and (23) are utilized.

Remark 2. f(xy) is bounded; therefore, all the lemmas and
theories analyzed in the section properties of CDC still hold.

Optimization of depropanizer and debutanizer
distillation column system

The depropanizer and debutanizer distillation column sys-
tem is an essential part in ethylene production. We can refer
to Jiang®* for the flowsheet of the column system, as shown
in Figure 5. The objective is defined as

max : F = (278.88 x S1_bw + 227.752 x S1_dw) /10000
(56)
where unit of F is 10,000 RMB/h”". The values SI bw and
SI1 dw represent the flow rates of the top production of
depropanizer column and debutanizer column, respectively, in
terms of kmol/h. Considering the quality of the productions,
the optimization problem is formulated as follows:

min : —F

s.t. mesh equations of the distillation columns
connection equations of the distillatin columns 57)
Percentage of C3Hg > 0.93
Percentage of Cs < 0.0095

For this model, the number of variables is 3889, the num-
ber of equality constraints is 3887, there are two degrees of
freedom, and the number of non-zero elements of Jacobian
of constraints is 76,197 (This model information is based on
the output file of IPOPT).

Table 3 indicates that the solutions for optimization prob-
lem of the depropanizer and debutanizer distillation column

*10,000 RMB/h =~ 1465.03 USD/h.
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system produced by IPOPT with traditional termination crite-
ria and the IPOPT with CDC are both feasible, as compared
with the results returned by standard algorithm in Aspen Plus.

Figure 6 shows the trends of all the performance indicators
in the optimization procedure. From the objective and con-
straint violation subgraphs, we see that the objective value and
constraint violation stay nearly the same after ~15 iterations.
The subgraph convergence depth (Ognye) shows that, during
the first 20 iterations, the convergence depth rises dramatically
until it reaches the predefined threshold of 1.0. It is almost the
same in following iterations (i.e., the optimality of the solution
is seldom improved). The degree of progress (0pog) Subgraph
shows the improvement of objective and feasibility.

The results in Table 4 show that the runs with modified CDC
and traditional termination criteria are both successful. The run
with CDC makes the profit of the products 1.9481946227 x 10°
RMB/h. There is only a 3.3 x 10~* RMB/h difference between
the CDC and the traditional termination criteria. The difference
is negligible from practical point of view. However, the iteration
number is reduced from 108 to 14 (an 87.04% reduction), and
the time cost is reduced from 92.90 to 8.06 s (a 91.32% reduc-
tion). We reduce the computation time cost substantially at the
expense of little profit loss.

Reconciliation problem of large-scale
air separation system

The flowsheet of large-scale air separation system is
shown in Figure 7. The detailed information on this system
can be found in Zhu®> and Zhang.*® The measurement data
of the process system reflect the run status of equipment and
serve as the basis for process simulation and optimization.
As data measurement errors are inevitable, we need to rec-
oncile the data before they are applied for real time optimi-
zation. In this section, we try to reconcile the measured data
based on the rigorous model of air separation system, which
is constructed as follows:

N
i i — i) [ d*
mm; [(u ;) / }
s.t. c(@,x) =0 (58)
u, <u<uy

x, <x<uxy

where u are the measurement data, # are the reconciliation
data, d? is the square deviation of measurement data #, and x
are the unmeasured data. Constraints ¢(u, x) are the rigorous
models of the air separation system, which have mass balance
equations, energy balance equations, and so on. For this
reconciliation model, the number of variables is 7184, the
number of equality constraints is 7168, with 16 degrees of
freedom, and the number of non-zero elements of Jacobian of
constraints is 40,034 (This model information is based on the
output file of IPOPT).

Table 5 indicates that for this system the solutions pro-
duced by IPOPT with traditional termination criteria and
IPOPT with CDC are both feasible when compared with the
results returned by standard algorithm in Aspen Plus.

Figure 8 shows the trends of all the performance indica-
tors in the optimization procedure.
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Figure 7. Flowsheet of large-scale air separation system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 5. Comparison of Feasibility of Solutions for Air Separation System

Standard IPOPT with Traditional
Model Algorithm (DMO) IPOPT with CDC Termination Criteria
Original model 1.846 x 107° 2.5313 x 107% 1.3039 x 1078
First scaled model - 2.5313 x 1078 1.3039 x 107°
Second scaled model 1.397 x 107" - -
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Figure 8. Comparison of IPOPT with traditional criteria and modified CDC for air separation.
[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Table 6. Comparison of IPOPT with Traditional
Termination Criteria and Modified CDC for
Air Separation System

Oconve Oprog Convergence Traditional
1.0564 0.9510 Depth Control Termination Criteria
Objective (RMB/h) 4.0051 x 1072 4.0051 x 1072
Iteration 41 191
CPU(s) 16.47 92.83
Feasibility 25313 x 1078 1.3039 x 10°*

Terminated

The results given in Table 6 indicate that when comparing
with the run under traditional termination criteria, the run
with CDC reduces the number of iterations from 191 to 41
(a 78.53% reduction), while the computation cost is reduced
from 92.83 to 16.47 s (an 82.23% reduction). Based on such
results, CDC substantially saves on computation time.

Optimization problem of large-scale ethylene
separation system

The flowsheet of a large-scale ethylene separation system
is shown in Figure 9. The system of ethylene separation is
composed of the following: demethanizer, deethanizer, acet-
ylene hydrogenation system, ethylene column, ethylene prod-
uct storage system, depropanizer, debutanizer and, allene,
and methylacetylene hydrogenation system. The main prod-

Table 7. Comparison of Feasibility of Solutions for
Ethylene Separation System

IPOPT with
Standard IPOPT Traditional
Algorithm with Termination
Model (DMO) CDC Criteria
Original —1.502 54539 x 107 5.2399 x 107>
model
First scaled - 5.4539 x 107 5.2399 x 1077
model
Second 5732 x 107° - -

scaled model

ucts are ethylene, ethane, butane, and propylene. See Fang?®’
for detailed information regarding this flowsheet.

We constructed the objective function as the economic
profit of these four main products, which is defined as fol-

lows?’:
5
J = <Z w,S,) / 10000 (59)
i=1

where S, S,, and Sz are the molar flow rates (kmol/h) of the
products ethylene, ethane, and butane, respectively. S4 and Ss
are the molar flow rates (kmol/h) of the propylene at ports
S549 and S550, respectively. The terms w;, i = 1,...,5
represent the prices (RMB/kmol) of the product flow rates. J is
the total profit (unit = 10,000 RMB/h).

EDA404 EDA405 EDC-4@

Figure 9. Flowsheet of ethylene separation system.
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 10. Comparison of IPOPT with traditional criteria and modified CDC for ethylene separation.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

The optimization problem is formulated as follows:

min —J

s.t. mesh equations (mass equation, energy equation, etc.)

connection equations
Purity constraints of the products
(60)

For this optimization model, the number of variables is
23,288, the number of equality constraints is 23,280, the
degrees of freedom are 8, and the number of non-zero ele-
ments of Jacobian of constraints is 409,426. This model in-
formation is based on the output file of [POPT.

Table 7 indicates that for this system the solutions pro-
duced by IPOPT with traditional termination criteria and
IPOPT with CDC are both feasible. This optimization prob-
lem is solved successfully by DMO, and the optimal objec-
tive is 6.850 x 10° RMB/h.

From the subgraphs objective and constraint in Figure 10,
we see that the objective value increases slowly and con-
straint violation is nearly the same after a few iterations.

The convergence depth (Oconve) subgraph shows that the
convergence depth remains unchanged after ~30 iterations;
however, it does not reach the predefined threshold 0,. The
degree of progress (0p.,) subgraph shows that the degree
of improvement fluctuates frequently after ~30 iterations;
however, the extent of fluctuation is very small. Qng > 1
is satisfied at nearly all the iterations after ~30 iterations;
thus, the algorithm is terminated because of the unreason-
ably slow convergence. An underconverged solution is
obtained.

The results in Table 8 show that both the runs with CDC
and traditional termination criteria do not converge to the
optima. The run with CDC detects the unreasonably slow con-

3160 DOI 10.1002/aic
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vergence and terminates in the early stage of the optimization
procedure, while the run with traditional termination criteria is
stopped when the number of maximum iterations is exceeded.

Conclusions

Optimization procedures usually continue to iterate when
feasibility is satisfied; however, the objective either seldom
improves or the problems converge to the optima in an
unreasonably slow way. In these cases, the CDC strategy
can obtain a good compromise.

In this article, we incorporated interior point methods with
the modified CDC. The implementation framework is modi-
fied based on the principle that, preferentially, the threshold
for convergence depth should be accessed as far as possible.
This is to avoid the optimization procedure being prema-
turely terminated by the CDC strategy. We have proved that
with proper assumptions, the optimization procedure can be
terminated by the modified CDC for interior point methods
and that the convergence depth indicates the distance
between the current iterate and the optimum.

Interior point methods using CDC strategy were tested
with examples from the CUTE collection and examples

Table 8. Comparison of IPOPT with Traditional
Termination Criteria and Modified CDC for Ethylene
Separation System

Oconve Oprog Traditional
Convergence Termination
0.8704 1.0316 Depth Control Criteria
Objective (RMB/h) 6.8177592 x 10° 6.8220972 x 10°
Iteration 27 3000
CPU(s) 161.97 17,988.33
Feasibility 5.4539 x 107° 5.2399 x 107°
Terminated X X
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formulated based on Aspen Plus, including the optimization
problem of depropanizer and debutanizer distillation column
system, the data reconciliation problem of large-scale air
separation system, and the optimization problem of large-
scale ethylene separation system through AMPL interface
and Aspen Open Solvers interface. The modified CDC has
advantages in dealing with the cases referred above. The CDC
strategy obtains the approximate solution with acceptable opti-
mality and significantly reduces the computation cost when
compared with traditional termination criteria. Furthermore, it
can detect the convergence failure much earlier as compared to
traditional termination criteria, thus avoiding the consumption
of unnecessary computing cost. Studies on the application of
CDC to RTO and NMPC are recommended as future work.
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